This paper considers the bending of a uniformly loaded transversely isotropic piezoelectric circular plate with material properties being arbitrary functions of the thickness coordinate. The displacements and electric potential are expressed in terms of appropriate polynomials of r, the radial coordinate, with coefficients being undetermined functions of z, the axial coordinate. The differential equations satisfied by eight z-dependent functions are derived for the general case. For the uniform load, the eight functions can be obtained through a step-by-step integration with properly incorporating the boundary conditions at the upper and lower surfaces of the plate. The three-dimensional solutions for functionally graded piezoelectric circular plates with simply-supported or clamped boundary are presented. These solutions can be readily degenerated into those for a homogenous circular plate. Three numerical examples are finally given to show the validity of the analysis, the effect of material heterogeneity and the merits of the present analyses. Since no ad hoc hypotheses on the distribution of the elastic and electric fields are introduced, the present three-dimensional solutions could provide a useful way for checking the validity of various approximate theories and numerical methods.
Introduction
Laminated piezoelectric structures have been used extensively in applications of sensors and actuators. In order to avoid the stress concentration induced at interfaces or thermal residual stress due to material mismatch in a laminate, functionally graded piezoelectric materials (FGPMs) with properties changing continuously along the thickness direction come into being [1] [2] [3] [4] [5] [6] [7] . In fact, the concept of functionally graded material is very popular in engineering and scientific researches [8] [9] [10] [11] [12] . Generally, FGPM is a special kind of inhomogeneous material with coupling between elastic and electric fields, making the governing equations very complex. However, because of the uncertainty of validity/exactness of simplified analyses or numerical methods which are applied to FGPMs, it is preferred to employ the three-dimensional (3D) theory to develop benchmark solutions. For the bending problem of a transversely isotropic FGPM rectangular plate, Chen and Ding [13] established a new state-space formulation by introducing two displacement functions as well as two stress functions. Cheng and his coauthors [14] [15] [16] [17] conducted a series of 3D studies on inhomogeneous rectangular plates via the transfer matrix method and the asymptotic expansion technique. The same method was adopted by Reddy and Cheng [18] , who examined the bending problem of an FGM plate with piezoelectric actuator. Lim and He [19] obtained 3D analytical solutions for an FGPM layer subjected to uniform stretch, bending and twisting; two different cases, i.e., the layer covered by surface electrodes and without electrodes, were considered. State-space method has been employed widely in 3D analyses of FGPM structures. For example, Chen et al. [20] presented an exact analysis of a multilayered piezoelectric spherical shell by developing a state-space formulism in the spherical coordinates; Chen and Ding [21] took advantage of the new state space formulation to study free vibration of transversely isotropic FGPM plates; Zhong and Shang [22] presented a 3D exact analysis of simply supported FGPM rectangular plates whose material coefficients vary exponentially in the same way; and Chen et al. [23] analyzed the free vibration of a functionally graded piezoelectric hollow cylinder filled with compressible fluid. The Strohlike formulae have also been developed to study the mechanical and electric response of simply supported plates [24, 25] . Recently, Zhou et al. [26] extended the semianalytical approach, which combines the state-space formulism with the differential quadrature technique, and studied the effect of different boundary conditions on the dynamic properties of piezoelectric laminates in cylindrical bending.
From an overall point of view, most of the previous 3D works related to the FGPM plate obtained by virtue of the transfer matrix method (or state-space method) are not analytical solutions in a rigid sense. They are actually semianalytical solutions which cannot express the physical quantities explicitly [13] [14] [15] [16] [17] 26] . Although some solutions are exact, however they are valid only for a specific FGPM model, i.e., the material coefficients varying exponentially in the same way [22] [23] [24] [25] [26] [27] [28] . The treatment that properties of FGPM obey the same function, renders a mathematical simplicity, but is totally unrealistic.
The deformation of circular plate under the action of external loads has long been an important problem. In the classic monograph of Timoshenko and Goodier [29] , axisymmetric deformations of a homogeneous circular plate subject to tension, bending and uniformly transverse load were considered. Employing the stress function for axisymmetric problems, Li et al. [30, 31] examined the elastic field in the circular plate subject to bending moment and transverse load qr k , respectively. For an isotropic FGM, Mian and Spencer [32] derived a set of 3D solutions for traction-free rectangular and circular plates from the corresponding planar problems. This method was recently generalized by Yang et al. [33, 34] in the following two aspects: transverse loads can be considered and material can be transversely isotropic. It is noted that the above-mentioned works for circular plates are within the framework of pure elasticity.
Piezoelectric circular plates are widely used in engineering as piezoelectric sensor, actuator, transducers and microbalance due to their piezoelectric and converse piezoelectric effects [11, 30, 35, 36] . For example, circular transducers, which can be modeled by circular piezoelectric plates, are utilized in transformers and inkjet printers [35, 36] . At present, the concept of FGM has been extended to multiphase coupled materials, such as piezoelectric and multiferroic materials [37, 38] . Hence, 3D works of circular piezoelectric plate are of theoretical and practical significance, because it cannot only serve as benchmarks for clarifying various approximate analyses, but also provide a guide for industry designs, as pointed out by Li et al. [36] . To the authors' knowledge, however, there is few 3D analytical work related to FGPM circular plates.
This paper aims to develop a 3D analysis of transversely isotropic simply-supported/clamped FGPM circular plates subject to a uniform load. The derived analytical solutions satisfy exactly the boundary conditions on the upper and lower surfaces of the plate, while approximately the circumferential boundary conditions in the Saint Venant's sense. The material properties of the FGPM plate can vary arbitrarily along the thickness provided that the strain-energy function is positive definite as well as certain integrable conditions are satisfied. The present solutions can be readily degenerated into those for a homogeneous plate, for which the elastic and electric fields can be expressed in explicit forms. Numerical calculations are performed to validate the present solution and to show the influence of material heterogeneity and the electromechanical coupling effect on the elastic and electric fields. Three different FGM models, which are very popular in the scientific studies, are employed to characterize the material heterogeneity in the numerical examples. It is shown that the material heterogeneity and electromechanical coupling have a significant influence on the elastic and electric fields in the plate. Since no particular assumptions are made on the deformation of the plate, the present solution can serve as a benchmark to verify various simplified and numerical analyses.
Basic Equations
The basic equations for the axisymmetric problem of a transversely isotropic FGPM body, referred to a cylindrical coordinate system r; h; z ð Þ, are [35] 
where r r ; r h ; r z and s rz are the stress components; D r and D z are the electric displacement components; u and w are the displacement components in r-and z-directions, respectively; / is the electric potential; and the comma denotes differentiation with respect to the indicated variable. c ij , e ij and e ij are the elastic, piezoelectric and dielectric coefficients, respectively. In this paper, we consider functionally graded materials, whose material coefficients in Eqs. (3) and (4) are functions of z, i.e., c ij ¼ c ij ðzÞ; e ij ¼ e ij ðzÞ and e ij ¼ e ij ðzÞ. For homogeneous materials, these coefficients are constant. It is noted that the electromechanical coupling effect will vanish by setting e ij ðzÞ ¼ 0. In such a case, the corresponding problem would be decoupled into two subproblems, which are respectively pure elastic and dielectric. This provides a way to characterize the electromechanical coupling effect by comparing the physical quantities with/without electromechanical interactions.
The axisymmetric problem governed by Eqs. (1) and (2) is of 3D nature, according to the classification of the famous monograph [39] .
Uniformly Loaded FGPM Circular Plate
Consider a circular plate with radius a and thickness h, subject to a uniform load q, as shown in Fig. 1 . We will adopt the direct displacement method to solve this axisymmetric problem by assuming that
The justification of the expressions in Eqs. (5) and (6) is discussed in the Appendix. Substituting Eqs. (5) and (6) into Eqs. (3) and (4) yields
Introducing Eqs. (7) into (1), and Eqs. (8) into (2), we arrive at 
The boundary conditions on the surfaces z ¼ 6h=2 are
Substitution of the expressions of r z , s rz and D z in Eqs. (7) and (8) into the boundary conditions in Eq. (10) leads to
Integrating Eqs. (9a) and (9b) once from the lower limit Àh/2, and using Eqs. (11d) and (11i), we obtain
w 4 is thus obtained by integrating Eq. (12) as follows
where a 1 is an integral constant. Introducing Eqs. (12) into (9c), integrating once from the lower limits Àh/2, using the boundary condition Eq. (11f) and noticing c 44 > 0, we obtain
where a 2 is an integral constant. Substituting Eqs. (13) and (14) 
where a 3 and a 4 are integral constants, and
Substituting Eqs. (14b) and (15) (21) Integrating Eq. (19) gives
where a 5 is an integral constant, and
Integrating Eq. (9h) from the lower limits Àh/2 and making using of Eqs. (17) and (19), we find 2c 13 u 1 þ c 33 w 0;z þ e 33 / 0;z ¼ À64a 1 F 11 ðzÞ þ 16a 2 F 10 ðzÞ þ a 6 (24) where a 6 is an integral constant, and
Introducing Eq. (24) into Eqs. (11a) and (11b) gives rise to
The integral constants a 1 and a 2 are determined from Eqs. (20) and (26b) as (27) where
Integrating Eq. (9g) and making use of Eqs. (17), (19) and (11g), we have Substitution of Eqs. (27) into (30) results in
where
Solving Eqs. (24) and (29) and using Eqs. (17), (19) and (22), we arrive at
where 
Integration of Eqs. (34) and (35) leads to
where a 7 and a 8 are integral constants, and
It is seen that there are totally eight integral constants a i (i ¼ 1; 2; Á Á Á ; 8), among which five (a 1 , a 2 , a 3 , a 4 and a 6 ) have been fixed and the remaining four (a 3 , a 5 , a 7 and a 8 ) generally can be determined from the circumferential boundary conditions at r ¼ a. It should be noted that a 7 corresponds to a rigid-body translation in the axial direction and a 8 is related to a reference electric potential. Both a 7 and a 8 exert no influence on the distribution of stresses and electric displacements in the circular plate.
Elastic and Electric Field Quantities
Substituting the expressions for displacement functions and electric functions derived in the last section into Eqs. (7) and (8) 
From Eqs. (42) and (43), we can observe that: (1) a 3 and a 5 appear in the expressions for r r and r h only while r z , s rz , D r and D z have been determined; (2) r z and D z are independent of r, and 041007-4 / Vol. 80, JULY 2013
Transactions of the ASME are functions of variable z only; and (3) when r ¼ 0, the radial stress is equal to the circumferential stress, that is r r ¼ r h . It is easy to obtain the expressions for the radial resultant force N(r) and the bending moment M(r) by virtue of Eq. (42c)
from which, we can immediately obtain that
By virtue of Eqs. (47b), (27) , (32) and (52), we obtain from the third of Eq. (49)
The integral constant a 8 has no influence on the distribution of stresses, displacements and electric displacement in the plate, its value just depends upon the selection of reference point of zero electric potential. Substituting Eqs. (27) , (32), (52) and (54) into Eqs. (42), (43), (47) 
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For homogeneous materials, i.e., when all material coefficients are constants, all functions involved become polynomials of z. Calculation according to Eqs. (27) , (32), (52) and (54) gives rise to the expressions for A 1 , A 2 , A 4 , A 30 , A 50 and A 70 . The corresponding expressions for stresses, displacements, electric displacements and electric potential are given explicitly. However, they are omitted for simplicity. 
where / Ã 1 is a prescribed electric potential. Substituting Eq. (47a) into the first condition gives rise to
Introducing Eq. (47b) into the third condition in Eq. (60) results in a 3 ¼ qA 31 (63) with
The integral constant a 7 can be obtained by substituting Eq. (47b) into the second condition in Eq. (60) and making use of Eqs. (27) , (32) , (61) and (63) as
The integral constant a 8 can be determined by introducing Eq. (48) into the last condition in Eq. (60) and utilizing Eqs. (27) , (32) , (61) and (63) as
The expressions for stresses, displacements, electric displacements and electric potential are the same as those in Eqs. (56) (27) , (32) and (70), we obtain the expression for a 7
where (27), (32) and (70) as follows
where The expressions for stresses, displacements, electric displacements and electric potential for type 2 clamped conditions (type 2) are still given by Eqs. (56) The main results of the present paper are listed in Eqs. (56)-(59), which give the electro-elastic coupling field in the FGPM plate. Except the positive definite conditions of the strainenergy function, no extra conditions have been exerted in previous analyses, which means that the present solutions make sense for the circular plate of any stable FGPM. This point should be highlighted, in the event that the through-thickness distribution of physical fields in structures with multifield coupling, other than the conventional mechanical ones, is not well understood.
It should be mentioned that the cylindrical conditions are satisfied in the Saint-Venant's sense. The solutions, that meet the upper and lower conditions of the plate exactly and satisfy the boundary at r ¼ a approximately by employing the Saint-Venant's model, are referred to as weak form solutions, which are widely accepted as benchmarks as pointed out by Fung [40] . As a matter of fact, the relative difference between the weak form solutions and the exact solution can be neglected for plate with a height-toradius ratio not larger than 0.3, as evidenced by numerical simulation in Wang et al. [28] for pure elastic FGM circular plate.
Once all the integral constants are available, the elastic and electric fields are completely determined. Since all the physical quantities are expressed explicitly, one can analyze the influences of material heterogeneity and the electromechanical coupling without any extra difficulty. The present solutions can be reduced to isotropic materials by setting [35] where kðzÞ and lðzÞ are the Lamé coefficients which can be expressed in terms of the Young's modulus E and the Poisson's ratio . Furthermore, the corresponding expressions of axial displacement w for the two types of clamped boundaries are actually the lower and upper bounds for the simplified analyses, according to the previous studies [31] . Some aspects will be discussed numerically in the following section.
Numerical Results and Discussions
In this section, three numerical examples are presented to discuss the validity of the present solutions, to show the distributions of the electro-elastic field in the plate and the effect of electromechanical coupling. In the numerical calculations, we take q ¼ 1 Â 10 6 (unit: N/m 2 ) and a ¼ 0.10 (unit: m). Following dimensionless quantities are introduced for the convenience of display
is the central deflection of a uniformly loaded homogeneous isotropic plate with type 1 edge [31] . Hereafter, we simply refer to the simply supported (type 1 and type 2, respectively) edge as SS (C1 and C2, respectively) for simplicity.
In the following, R nn , W, and W are evaluated at the cross section n ¼ 0, while U, D nn and R nf are shown for n ¼ 0.50, if not specified otherwise. Example 1. As pointed out in Sec. 2, setting e ij ¼ 0 leads to the decoupling between the elastic and electric fields. The corresponding problem is decoupled into two subproblems: the pure elastic and pure dielectric ones. Here, we just discuss the former whose solution is available in literature. This provides a method to validate the present solutions. To fulfill this purpose, we first consider a special heterogeneous circular plate with the following FGM model [12, 31, 41] .
where j is the gradient index, is the Poisson's ratio, and E T and E Z are the Young's moduli of Titanium and Zirconium, respectively. Evidently, j ¼ 0 (j ! 1, respectively) corresponds to a homogeneous Titanium (Zirconium) material, whose material properties are listed in Table 1 [31, 41] .
From the micromechanical point of view, the FGM model with the Poisson's ratio constant in Eq. (78) is not supported by a micromechanical approach such as the well-known Mori-Tanaka theory. However, this model is very popular in the literature due to its simplicity; for example, Li et al. [31] , Yang et al. [33] and Reddy et al. [41] employed this model to characterize the heterogeneity of the FGM. In what follows, the presented solutions will be compared with the results proposed by Li et al. [31] and Reddy et al. [41] , to validate the present solutions. It should be emphasized that the defect of the model in Eq. (78) is not associated with the present solutions, which is applicable for any FGM model. The model in Eq. (78) is adopted here just to fulfill the purpose of comparison.
Reddy et al. [41] and Li et al. [31] employed the first-order shear deformation theory (FSDT) and stress functions method respectively to study the deformation of this special FGM circular plate. The present solutions are expected to be identical to the 3D analytical solutions given by Li et al. [31] and to be close to the simplified solutions suggested by Reddy et al. [41] . In what follows, our concern is confined to the consistency of the solutions predicted by various methods; the physical essence behind the Table 1 Material properties of titanium and zirconium [41] data has been studied (see Reddy et al. [41] and Li et al. [31] , for example) and would not be repeated. Tables 2-4 list the dimensionless central deflection W of the FGM circular plate with the SS, C1 and C2 edges, and a comparison with the existing results is made. It is seen that the present solutions are the same as the results predicted by Li et al. [31] and agree well with those in Reddy et al. [41] . The present solutions differ slightly from those in Reddy et al. [41] . This is not surprising since some simplifications have been made by Reddy et al. [41] , while the present solutions adopt no such simplifications at all.
Another crucial remark is about the central deflection of the plate with clamped edges. The central deflection W of the plate with the C1 edge, which is independent of the height-to-radius ratio b, turns out to be the lower bound for the simplified solutions while those for the C2 edge are the upper bound [31] . This observation is also made by Ding et al. [42] and Wang et al. [28] .
To further validate the present solutions, numerical simulations are carried out by the commercial FEM code ANSYS, for a simply supported FGM plate with b ¼ 0.20. In the calculations, axisymmetric elements with four nodes are employed, and then the meridian plane is discretized evenly by 100 Â 20 rectangular elements. A thorough comparison is made for all the physical quantities as functions of f, which are plotted in Fig. 2 . The present solutions are again of perfect agreement with the numerical results and analytical predictions given by Li et al. [31] . Thus, the validity of the present solutions is confirmed. In FSDT, R ff is neglected, and U is assumed to vary linearly. Thus, comparing these two quantities with Reddy et al. [41] is meaningless.
Example 2. To further validate the present solutions, now consider a particular transversely isotropic FGPM plate with the cylindrical edge simply supported (SS), if not pointed out otherwise. The material coefficients are taken as [11, 28] Table 5 . The parameter k reflects the degree of the material heterogeneity. The electric potential at (a, 0) is set to zero, i.e., /ða; 0Þ ¼ 0. For this particular FGPM plate, Wang et al. [28] recently gave a set of analytical solutions, which have been verified by FEM. The purpose of this example is devoted to the correctness of the present solution by making a comparison with those given by Wang et al. [28] .
The dimensionless deflection W (0,0) for circular plate with various thickness-to-radius ratio b is shown in Table 6 , where FEM data originated from Wang et al. [28] . A good agreement is again observed. The largest relative difference is within 4% even for the thickest plate under consideration.
Through the above numerical examples, we have solidly confirmed the validity of the present solutions. 80), in which only three independent functions are involved, is reduced to that investigated by Wang et al. [28] using Fourier-Bessel functions. In this circumstance, the present solutions should agree with those in Ref. [28] . To validate the numerical codes for this example, comparison is made in Table 7 for plates with various height-to-radius ratios. It is seen that the present solutions, those proposed by Wang et al. [28] and results from numerical simulations are consistent with each other. To show the desirable merits of the present solutions, the parameters k ¼ 1:0. Thus, all the material properties involved change independently and continuous along the z-axis, which cannot be achieved by other methods. It should be pointed out that the positivedefinite conditions have been checked. To show the electro-elastic field in the FGPM circular plate, the radius of the plate a and the height-to-radius ratio b are taken to be 0.10 (unit: m) and 0.3, respectively. For simplicity, the point ðn; fÞ ¼ ð0; À0:5Þ is considered to reference point at which the electric potential vanishes. Figure 3 depicts the dimensionless electro-elastic field in the plate as functions of the dimensionless coordinate f ¼ z=h. From  Fig. 3(a) , it is seen that both the dimensionless axial displacement W and electric potential U are convex curves. This observation is very important because in many simplified analyses, the axial displacement is assumed to be a constant along the thickness of the plate. The dimensionless stress components R nn , R ff and R nf are shown in Fig. 3(b) . The normal and shear stress components are of the same order. The radial dimensionless stress, 100 times larger than the normal and shear stresses, varies linearly for this special FGPM plate. It is interesting from Fig. 3(c) displaying the dimensionless electric displacement components that some intrinsic relation holds between D nn and D ff . Such a conclusion is true. As a matter of fact, it can be deduced from Eq. (43) that rD r;r ¼ D r ; rD z;z þ 2D r ¼ 0
with the aid of the equilibrium equation, Eq. (2). Since the material heterogeneity models specified by Eqs. (78), (79) and (80) are completely different from each other, the merits of the present solutions have been comprehensively exhibited. In fact, the present solution is valid for any continuous model for circular plate with various edges (isotropic or transversely isotropic; homogeneous or heterogeneous; simply supported or clamped; with or without electromechanical coupling).
Conclusions
Three-dimensional analytical solutions were derived for the axisymmetric problem of uniformly loaded circular plates of transversely isotropic functionally graded piezoelectric materials. The material constants can vary along the thickness in an arbitrary way and the plate can be either simply-supported or clamped. These solutions can be degenerated into those for homogenous materials.
Numerical results show that the material inhomogeneity has an important effect on the elastic and electric fields in the plate. Thus, the associated physical quantities can be controlled by changing the material properties. In practice, however, the optimization object should be predetermined case by case for the sake of easy choice of the spatial distribution of material.
It is noteworthy that the direct displacement method can be applied to other axisymmetric problems. For example, if r 5 u 5 z ð Þ, r 6 w 6 z ð Þ and r 4 / 4 z ð Þ are added to u(r,z), w(r,z) and /ðr; zÞ, respectively, then 3D analytical solutions for circular plates subject to loads of parabolic form (qr 2 ) can be obtained without extra difficulty. In fact, when the load possesses the form of qr 2n (n is a nonnegative integer), 3D solutions can be derived as well by adding corresponding terms to the expressions for the displacements and electric potential.
Since the solutions presented in this paper were derived based on the three-dimensional theory of piezoelectricity without introducing any simplified assumptions on the elastic and electric fields, they can work as benchmarks for clarifying any approximate analysis or numerical codes. If we notice the fact that no numerical tool behaves well while keeping an economic computation cost, especially when the material properties of the plate vary rapidly and independently through the thickness, the significance of such benchmark solutions should be emphasized.
